In this paper, we obtain exact cosmological vacuum solutions for an extended FLRW homogenous and isotropic Brans-Dicke (BD) universe in five dimensions for all values of the curvature index. Then, by employing the equations associated to a modified Brans-Dicke theory (MBDT) [1], we construct the physics on a four-dimensional hypersurface. We show that the induced matter obeys the equation of state of a fluid of a barotropic type. We discuss the properties of such an induced matter for some values of the equation of state parameter and analyze in detail their corresponding solutions. To illustrate the cosmological behaviors of the solutions, we contrast our solutions with those present the standard Brans-Dicke theory. We retrieve that, in MBDT scenario, it is impossible to find a physically acceptable solution associated to the negative curvature for both the dustdominated and radiation-dominated universes. However, for a spatially flat and closed universes, we argue that our obtained solutions are more general than those associated to the standard BD theory and, moreover, they contain a few classes of solutions which have no analog in the BD cosmology. For those particular cases, we further compare the results with those extracted in the context of the induced matter theory (IMT) and general relativity (GR). Furthermore, we discuss in detail the time behaviors of the cosmological quantities and compare them with recent observational data. We find a favorable range for the deceleration parameter associated to a matter-dominated spatially flat universe (for the late times) which is compatible with recent corresponding observational results.
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I. INTRODUCTION
The scalar-tensor theories (for a complete review for applications in cosmology, see, e.g., [2] ) have been proposed based on the main idea which asserts that the gravitational coupling is time-dependent, an idea related to the large number hypothesis by Dirac [3, 4] . He suggested that the gravitational constant G decreases with the age of the universe, an assumption that can be in agreement with a few consideration of geological facts [5, 6] . Then, the Dirac's idea has been developed by other physicists by constructing new versions of the scalar-tensor theories in which the gravitational constant has been replaced by a scalar field [7, 8] , and consequently it must satisfy a generalized conservation law proposed in the theory. In 1961, the simplest version of the scalar tensor theories was proposed by Brans and Dicke primarily motivated by cosmology and the Mach's principle [9] .
Using different methods, exact cosmological solutions have been obtained for the isotropic FLRW models, the anisotropic Bianchi types I-IX and the related Kantowski-Sachs models by assuming various kinds of the ordinary matter in the context of the BD theory (see, e.g., [2, [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] and references therein).
Recently, it has been shown that by applying a specific reductional procedure for the conventional BD theory in (D + 1)-dimensional space-time, a MBDT in D dimensions is obtained [1] . The MBDT has four sets of field equations, in which two sets of them, regardless of the geometrical origin of the matter and scalar potential, are mathematically similar to those derived from the BD standard action with a scalar potential. One set of the mentioned MBDT field equations is the extended version of the conservation equation introduced in induced matter theory (IMT), see e.g., [23] [24] [25] [26] . Finally, the forth equation retrieved in MBDT has no analog in the conventional BD theory as well as in scalar tensor theories.
To gain an insight into the physical features of the MBDT and comparing the properties of its geometrically induced matter and scalar potential with the ordinary ones assumed in the context of the BD theory as well as with observational data, several investigations have been presented by considering both the spatially flat FLRW universe (in four [27, 28] and arbitrary [1] dimensions) and the Bianchi type I cosmology [29] . We should note that, up to our knowledge, the solutions of the non-flat FLRW space-time have not been obtained in either the higher-dimensional BD theory or the MBDT scenario. Moreover, the herein solutions associated to flat space are wider than the ones obtained in [1] . It is important to note that the induced scalar potential and matter in the MBDT lead us to an accelerating universe in late times (as it will be seen in this work) and we do not require to add a scalar potential by hand such as some phenomenological scenarios in the context of the DB theory [30, 31] .
The aim of this paper will be to employ the MBDT to reduce the five-dimensional FLRW solutions (for all values of the curvature) on a suitably projected four-dimensional space time. We will show that the induced matter obeys the barotropic equation of state and consequently this geometrically originated matter can be examined for particular choices of well-know matter types in the universe. Subsequently, the properties of obtained extended solutions will be analyzed and then they will be compared with the ones obtained from the four dimensional BD theory (with or without a scalar potential) as well as with observational data. We will further show that all the solutions can be considered as the generalized versions of the well-known solutions of the BD theory (e.g., the Dehnen-Obregon, Nariai, O'Hanlon-Tupper solutions) in four dimensional space-time.
In this work, the expressions for physical quantities will be obtained neither by using the conformal time nor by defining other variables to explain the behavior of the scale factor and scalar field, but instead, we will discuss the behaviors from their corresponding direct physical expressions.
Our work is organized as follows. In section II, we review the MBDT set up. In section III, by assuming a fivedimensional FLRW universe (with all values of the curvature), we solve the field equations associated to the standard BD theory in vacuum. In section IV, by means of the MBDT setting, we construct the physics on a four-dimensional hypersurface. We show that the induced matter obeys the barotropic equation of state and consequently it can play the role of either the ordinary matter or dark matter-dark energy in the universe. By assuming a few known values for the equation of state parameter, we discuss the properties of the solutions and compare them with those obtained in the context of the BD theory as well as with observational data. Finally, in section V, we review the main results and add some new discussions.
II. MODIFIED BRANS-DICKE THEORY IN FOUR DIMENSIONS
Let us in this section briefly review the MBDT set up [1, 28] . In analogy to the four-dimensional standard BD theory, the action associated to a five-dimensional BD theory, in the Jordan frame, can be written as
where the Latin indices run from zero to four, G (5) is the determinant of the metric G ab associated to a five-dimensional space-time, R (5) is the curvature scalar and ∇ a stands for the covariant derivative in the five-dimensional space-time. Moreover, φ is the BD scalar field, ω is the adjustable dimensionless BD coupling parameter and we have chosen c = 1. In addition, L (5) matt is the Lagrangian density associated to the ordinary matter which is minimally coupled to the BD scalar field.
The field equations, derived from the action (2.1), are given by
and ∇ 2 φ = 8πT
where ∇ 2 ≡ ∇ a ∇ a and T (5) ab is the energy-momentum tensor (EMT) of the ordinary matter fields in a five-dimensional space-time and
ab . By means of the reduction procedure for the BD theory, the field equations associated to the four-dimensional MBDT can be obtained on a hypersurface. In these field equations, geometrically induced terms will play the role of the ordinary matter sources and scalar potential in an extended version of the standard BD theory 1 . Let us be more precise. By applying the well-known line element 2 [24] 
the BD field equations (2.2) and (2.3) are induced on the hypersurface Σ 0 (l = l 0 = constant), which is orthogonal to the unit vector n a = δ a D /ψ where n a n a = . In this respect, the MBDT, which can be regarded as a generalized version of the IMT, BD theory or GR, conveys four field equations. One pair of these equations reproduces conventional fourdimensional BD field equations but with the specificity that an induced scalar potential is present, in which the induced EMT and the mentioned scalar potential have a geometrical origin. The other pair has no analog in the standard four-dimensional BD theory (for a more detailed presentation of the MBDT, see [1] ). We will now explain how our equations for a four-dimensional universe is obtained from a five-dimensional BD setting, on a four-dimensional hypersurface, directly and explicitly computing all terms, by means of dimensional reduction and projection, i.e., all elements having a direct geometric origin, computed consistently and none taken as an ad-hoc assumption. Namely, in the next section, we will use
where D α is the covariant derivative on the hypersurface and
where
is the effective matter obtained from the five-dimensional EMT and
is an induced EMT on a four-dimensional space-time in which
where a prime denotes a derivative with respect to the fifth coordinate, l. The quantity V (φ) is an induced scalar potential on the hypersurface which is obtained from
1 In the Lagrangian density associated to the original BD theory, there is no scalar potential. 2 The Greek indices run from zero to 3 and l stands for the non-compact coordinate associated to fifth dimension. The indicator = ±1 is chosen such that the extra dimension to be either time-like or space-like, and ψ = ψ(x µ , l) is another scalar field.
The first term of the induced EMT, i.e. T [IMT] µν , which bears a resemblance to the one introduced in IMT [23, 24] , is the fifth part of the metric (2.4) which is geometrically induced on the hypersurface. Whereas the φ-part, i.e., T [φ] µν , is composed of the BD scalar field and its derivatives with respect to the fifth coordinate, has no analogue in IMT. Moreover, the induced scalar potential is provided completely from the geometry of the fifth dimension rather than adding an extra term by hand, such as the ones usually employed in phenomenological applications of the scalar tensor theories in astrophysics/cosmology see, e.g., [31] and references therein.
In section IV, we will use these geometrical intrinsic as well as elegant advantages of the MBDT to retrieve BD cosmological features on the hypersurface for a homogenous and isotropic Friedmann universe and compare them with the results of conventional BD theory, other scalar-tensor theories and also with observational data.
III. EXACT SOLUTIONS OF BRANS-DICKE COSMOLOGY IN A FIVE-DIMENSIONAL SPACE-TIME
We start with a five-dimensional extended version of the Friedmann-Lemaître-Robertson-Walker (FLRW) universe in which there is no ordinary matter, i.e., T (5) ab = 0. We will find the exact solutions in the five-dimensional space-time and then, in section IV, by applying the set up reviewed in the previous section, we concentrate on the cosmological solutions further MBDT projected on a four-dimensional hypersuface.
Let us to work with a metric whose components depend only on comoving time. Thus, we consider the line element
where, without loss of generality, we can set the spatial curvature constant as λ = −1, 0, 1, which correspond to open, flat and closed universes, respectively; (t, r, θ, ϕ) are the coordinates associated to a four-dimensional space-time whose spatial sections are spherical symmetric. The a(t) and ψ(t) are cosmological scale factors. Employing equations (2.2) and (2.3) with the line-element (3.1) gives us the dynamical field equations in a fivedimensional space-time, namelyφ
An overdot denotes the derivative with respect to the cosmic time and we have assumed the BD scalar field to depend only on the cosmic time. Equation We should note that the coupled non-linear equations (3.2)-(3.5) are not independent. To solve these equations, let us consider a well-known assumption: we employ Dirac's hypothesis that states the gravitational constant and the scale factor of the universe should be related to each other by a power law relation [11] [12] [13] . As in the BD theory the scalar field is proportional to the inverse of the gravitational constant [see Eqs. (4.14) and (4.15)], we can write
In order to get consistent solutions, the above assumption leads us to consider also a power law between a(t) and ψ(t), as
In relations (3.6) and (3.7), C > 0 (corresponding to attractive gravity) and α > 0 are constants which are not independent and they can be determined in an arbitrary fixed time; n and β are parameters which must satisfy the field equations 3 (3.2)-(3.5). From (3.2), after a simple integration, we getφ
where A = 0 is a constant; plugging φ and ψ from (3.6) and (3.7) into (3.8), we obtain
where 3 + n − β = 0 and we have assumed that at the initial time t i = 0, the scale factor vanishes. By employing the power-law solutions (3.6) and (3.7) in (3.3), we obtain ȧ a
In what follows, we will investigate all the possible solutions associated to the flat space (λ = 0) and non-flat spaces (λ 2 = 1).
A. Flat Space Solutions
For the flat space, by substituting λ = 0 into (3.10), we obtain the following algebraic equation
Equation (3.11) gives n in terms of β as
Thus, the general solutions for the flat space are given by relations (3.6), (3.7) and (3.9) in which n and β are not independent and they are related according to (3.12) . These solutions are classified into two sets: (i) the power-law solution when n = β − 3, in which n and β are not independent and they are related to each other by (3.12); (ii) the exponential solution that is obtained when n = β − 3. To retrieve the second class of solutions, we have to start from the field equations (3.2)-(3.5). It is straightforward to show that
where a i is an integration constant. For this particular case, from (3.11), β in terms of the BD coupling parameter is given by
where, when ω → −2, for the upper case (plus sign) β goes to unity while for the lower sign, it goes to minus infinity. Namely, for the former we get a contracting fifth dimension with time, while for the latter the fifth dimension increases by time.
B. Non-Flat Space Solutions
For λ 2 = 1, by employing (3.9) into (3.10) we get an algebraic relation which is satisfied for all values of t provided that
Thus, from (3.9) the general solutions associated to the non-flat space can be briefly summarized as
, and
Besides, by employing relations (3.5), (3.15) , (3.16) and (3.17) , it is easy to show that 18) where in the particular case β = 2, |ω| → ∞ and consequently the BD scalar field takes a constant value. In this case, we cannot find a finite value for the scale factor a(t). Namely, in this case, when |ω| → ∞ there is no vacuum solution. As when the BD coupling parameter goes to infinity, the BD theory may reduce to GR, thus the above result is in agreement with the fact that there is no vacuum solutions associated to the FLRW universe in GR (without a cosmological constant term) for λ 2 = 1. In the special case where the scalar factor of the fifth dimension is a constant, i.e., ψ = constant, by setting β = 0, equation (3.17) gives
Therefore, for the cases with the positive curvature (λ = 1) and negative curvature (λ = −1), we must choose ω > −3/2 and ω < −3/2, respectively. From (3.19), for both of these cases, we get
, and thus by substituting this relation into (3.16), we obtain
IV. EFFECTIVE BRANS-DICKE COSMOLOGY ON A FOUR DIMENSIONAL HYPERSURFACE
In this section, we will employ the MBDT set up reviewed in section II, for the obtained solutions of the previous section to construct the physics on a four-dimensional space-time. Then, we evaluate the properties of the corresponding solutions and compare them with those of the standard BD theory.
The non-vanishing components of the induced matter on the hypersuface can be obtained by substituting the components of the metric (3.1) and the isotropic BD scalar field in relation (2.8), as
where i = 1, 2, 3 (with no sum) and the induced potential V (φ) will be derived using the differential equation (2.11).
From (4.2), it is clear that the different components of T i[BD] i
are equal, thus the induced matter can be considered as a perfect fluid.
The induced scalar potential is evaluated on the four-dimensional hypersurface by substituting the solutions (3.6), (3.7), (3.9) and (3.16) into (2.11). Thus, we obtain
For a non-flat space, integrating the lower differential equation of (4.3), by assuming that the constants of integration are zero, we get
where A Cα , according to relation (3.17) , is a function of the parameters β, ω and the curvature constant λ. From the upper equation of (4.3), the power-law scalar potential associated to the flat space is given by
where we have set the integration constant equal to zero. The power-law scalar potential 5 [i.e., the lower relation in (4.4) for non-flat space and (4.5) for flat space, whose solutions, in what follows, will be discussed in this paper], vanishes in the particular cases where either
For the power-law scalar potential, by employing (3.9) and (3.16) for flat and non-flat spaces, we obtain the induced scalar potential versus cosmic time as
In order to write the components of the induced matter (associated to the power-law cases) on the hypersurface, we employ (3.6), (3.7), (3.9), (3.17), (3.16), (4.6), and relations (4.1) and (4.2). Thus, the energy density ρ BD ≡ −T
0[BD] 0 and the isotropic pressures
for the non-flat and flat spaces are given, respectively, by
9) 4 We should notice that some quantities appearing in different solutions have different values. For instance, the quantity
A Cα
, which is seen in the upper and lower relations of the induced scalar potential (4.3), has different values in terms of the corresponding parameters; such that this quantity for the non-flat space is related to the other quantities by (3.17); whereas we have not obtained any general relation for this quantity in the case of the flat space. 5 As the logarithmic effective potential leads to inconsistency for applying the energy conditions, we opt to abandon the solutions associated to this case of the induced scalar potential. 6 In the special case where ω = −1, the BD theory corresponds to the low energy limit of the bosonic string theory. Moreover, in this case, scalar-tensor theories contain certain similarities with supergravity and string theory [2, 34] .
and (for the flat space)
The above geometrical effective matter relations give a barotropic equation of state associated to an induced perfect fluid for all the cases. Namely
for λ = 0,
By using the relations (3.9), (3.18), (4.12) and (4.13), it is straightforward to show that the induced matter (on the four-dimensional hypersurface) is conserved, namelyρ BD + 3(ȧ/a)(ρ BD + P BD ) = 0. This result is of relevance in the context of scalar tensor theories, because it allows us to state that the BD scalar field does couple minimally with the induced matter and thus, the herein model does respect the Principle of the Equivalence.
As we would like to study, in particular, the behavior of the gravitational coupling, we review herewith general features associated to it. As the field equations (2.5) corresponds to the conventional BD field equations, the Newton's gravitational constant (in a four-dimensional space-time) can be read [2] 
Moreover, we should note that the above definition has been used in cosmological application, rather than in the analysis in the context of the Post-Newtonian formalism [35] , where the relation
has been defined for spherically symmetric solutions [2, [36] [37] [38] and employed the Solar System experiments. However, we should note that the rate of variation of G N and G eff have the same features.
In what follows, we will elaborate on the MBDT above retrieved for concrete values of the equation of state parameter. After probing the properties of the geometrical induced matter, we compare the results with those obtained from the conventional BD theory and observational data.
A. Vacuum Cosmologies
One of the main questions in the context of scalar-tensor theories is whether non-trivial vacuum (absence of ordinary matter) solutions exist or not. Such solutions are very interesting because when t asymptotically tends to zero, the fluid-filled FLRW solutions approach the vacuum solutions for wide ranges of the varying BD coupling parameter [39] . After the seminal papers by Brans and Dicke, to our knowledge, this question has been investigated by O'Hanlon and Tupper [10] . They found the cosmological non-static vacuum solutions for the BD theory for spatially flat FLRW metric and addressed questions such as the validity of the Mach's principle and Birkhoff theorem in the BD theory. However, for the non-flat FLRW space, they only found solutions for spacial values of the BD coupling parameter, ω = −3/2, −4/3, 0. Subsequently, the whole class of solutions associated to the latter (non-flat) case have been obtained by Dehnen and Obregón by assuming a power law relation between the scale factor and the effective gravitational constant [13] .
In what follows, we investigate the simple case in which there are not any effects of the geometrical induced matter and scalar potential on the MBDT four-dimensional universe. In this case, we expect to get solutions which would be similar to those obtained in the context of the conventional BD theory for a four-dimensional FLRW universe. 7 
Flat space
For the flat space (λ = 0) and non-flat spaces (λ 2 = 1) the only manner to get the vacuum cosmology on the hypersurface is setting ψ = α = constant. Therefore, for the first class of solutions (power-law solutions), by substituting β = 0 into the solutions associated to the flat space [i.e., relations (3.6), (3.7) and (3.9) in which n and β are related to each other by (3.12)], after calculations, we get
where we have assumed 1 + 2ω/3 ≥ 0 and ω = −4/3 (or n = −3). For this case, from (4.3), without loss of generality, we can set the induced scalar potential equal to zero, and thus, from using relations (4.1) and (4.2), we find that the induced matter also vanishes on the hypersurface. The relations (4.16) and (4.17) correspond to the well-known O'Hanlon and Tupper solution [10, 40] which has been obtained for a four-dimensional spatially flat FRW universe in the standard BD theory where the ordinary matter is absent. Let us present the above solutions in terms of Hubble parameter H =ȧ/a, and the age of the universe, t 0 . From (4.16), we get
Therefore, relations (4.16) and (4.17) can be written as
where from the present values of the scale factor, Hubble constant and scalar field (i.e., a 0 , H 0 and φ 0 , ), we can determine the constant A/Cα. Let us now discuss the behavior of the gravitational coupling, according to relation (4.20) , when ω > −3/2 and φ 0 > 0. In 8 Fig. 1 (the left panel), we have plotted the behavior of s ± ≡ −m ± , the power of the cosmic time associated to the gravitational coupling. As it is seen, for either the upper case (plus sign) (only when the BD coupling parameter restricted to −3/2 < ω < −4/3) and lower case (minus sign), the behavior of the gravitational coupling is contrary to Dirac's hypothesis. Whereas, for the upper case, when ω > −4/3 the gravitational coupling decreases with cosmic time which is in accordance with Dirac's hypothesis. Regarding the behavior of the scale factor, we see that only ω is restricted as −3/2 < ω < −4/3, we get r + > 1, (see Fig. 1 , the right panel), namely, which corresponds to an accelerating behavior of the scale factor for the upper case. The scale factor of the universe decelerates when either ω > −3/2 (for the lower case) or ω > 0 (for the upper case). From (4.18) for the upper case, we see that when the BD coupling parameter is larger than −3/2 and approaches to −4/3, the value of the age of the universe takes large values. For the second class (exponential solution), by setting β = 0 into relations (3.13) and (3.14), we find the solutions associated to ω = −4/3 for the upper case (plus sign) as whereas that the lower case does not give acceptable solution.
In other words, we have 22) which indicates that the O'Hanlon and Tupper solution in the limiting case ω = −4/3 approaches to the de Sitter space, likewise the conventional BD theory, see, e.g., [2] . Similar to the first class of the flat space with β = 0, for this case also the components of the induced matter and the scalar potential vanish. We should note that, similar to the standard BD theory, the solution (4.22) is the unique de Sitter solution associated to the flat and vacuum space; and it is different from the one obtained in GR with a minimally coupled scalar field, in which that scalar field takes a constant value. By assuming that φ > 0, from (4.22), we see that the BD scalar field decreases with cosmic time and thus the effective gravitational coupling (4.14) increases with time; such a behavior is contrary to Dirac's hypothesis.
Non-flat space
It should be noted that there are no vacuum solutions associated to FLRW space with λ = ±1 in GR in the absence of the cosmological constant [41] . However, such solutions have been found in the BD theory [15, 41, 42] . In what follows, we would like to investigate the corresponding solutions in MBDT.
In the case of the non-flat space where β = 0, we get ψ = α = constant and the scale factor and scalar field are given by (3.20) . For this case, from relations (2.11), (3.7), (4.1), and (4.2), we find that the induced matter and scalar potential vanish on the hypersurface. The cosmology associated to this case is the same as that obtained by Dehnen and Obregón in [13] . With t 0 = 1/H, the age of the universe at present time 9 , the solutions (3.20) can be given by a(t) = a 0 t t 0 , and 23) in which the present values associated to the scale factor and the BD scalar field are
(4.24)
We should note that by determining t 0 , a 0 and φ 0 , the solutions associated to the closed and open universes cannot be distinguished if the BD coupling parameter restricted to ω > −3/2 and ω < −3/2, respectively.
B. Dust Cosmologies
Dust solutions associated to the FLRW universe in the context of the BD theory (with vanishing scalar potential) have been investigated in [9, 11] . In [44, 45] , some properties of the mentioned solutions have been discussed for large values of |ω|. Furthermore, there are a few publications in which the solutions have been obtained in terms of the conformal time and other variables different from the scale factor and the BD scalar field [2, [46] [47] [48] .
flat space
For this case, by solving equations (4.13) (upper case) with W BD = 0 together with the general equation (3.11) associated to the flat space, we obtain two classes of solutions as
Thus, by substituting the above values for β and n into (3.6), (3.9), first relation of (4.6) and (4.9) the solutions associated to the flat space are given by
32)
where ω = −4/3, ω < −1 and the parameters r ± and m ± are related to each other as 3r ± + m ± = 2. For this case, the scale factor of the fifth dimension is given by
As a, ρ BD , φ and ψ must take positive values for an arbitrary fixed time, therefore, we can find the allowed ranges for the BD coupling parameter for these solutions. We should note that to have reasonable solutions, C and α must take positive values, but A can take either positive or negative values, each of which gives two classes of solutions, one for the upper case and another for the lower case. Let us categorize the resulted solutions in terms of the sign of A.
Case I; A < 0: For the lower case (minus sign), as the induced energy density and the scale factor do not take real values in an arbitrary fixed time, thus we abstain from considering them as acceptable solutions. However, for 2 ) and consequently this case can be a physical solution. In this setting, we see that for the allowed values of ω, r + > 1, i.e., we get an accelerating universe. In addition, m + < 0 which means that the BD coupling parameter decreases with the cosmic time. Namely, the gravitational coupling increases with time which is not in agreement with Dirac's hypothesis. Moreover, the induced energy density and the fifth dimension decrease with time.
Case II; A > 0: For the lower case (minus sign) the quantities a, φ, ψ and ρ BD (in an arbitrary fixed time) take positive real values when the BD coupling parameter is restricted to ω < −1. Whereas for the upper case (plus sign), we find a narrow range for the BD coupling parameter which gives acceptable solutions. Although in this case, a, φ and ψ (for an arbitrary time) take positive real values when −4/3 < ω < −1, but as ρ is negative when −4/3 < ω < −19/16, therefore the allowed range is −19/16 < ω < −1 in which the solution is acceptable. In Fig. 3 , for the corresponding allowed ranges, we have shown the behavior of the mentioned quantities versus ω for an arbitrary fixed time.
Let us summarize briefly the behavior of the quantities associated to this case for the corresponding allowed ranges: (i) we found that, for the lower case, the scale factor of the universe decelerates with cosmic time while we have a contracting scale factor for the upper case.
(ii) Both of m + and m − take positive values, namely, the BD scalar field always increases with cosmic time and, consequently, the gravitational coupling decreases with time which is in agreement with Dirac's hypothesis. (iii) for the lower case, both the induced energy density and the scale factor of the fifth dimension decreases with time. However, for the upper case, the induced energy density increases with time while the fifth dimension contracts with time.
non-flat space
For this case, by considering the lower equation of (4.13) and solving W BD = 0, we get two values for β which both of them depend only on the BD coupling parameter as
where ω ≤ −7/8 and ω = −1. We should note that when ω tends to −1, β 1 and β 2 goes to infinity and 4, respectively.
By substituting β i from (4.35) into (3.17), we get The behavior of {a, φ} (the blue curves) and {ψ, ρ BD } (the red curves) versus ω for an arbitrary fixed time when A > 0. The mentioned quantities are associated to the spatially flat FLRW universe which is filled with a dust fluid. The upper and lower panels are associated to the upper and lower cases, respectively. We have set A, C and α equal to unity.
Replacing β i and X i from (4.35) and (4.36) into (3.16), the lower relation of (4.6) and (4.7), we get four classes of mathematical solutions as
In what follows, we will investigate each case, separately, discussing the acceptable solutions associated to each case. However, we should point out a few general features which are common to all the solutions. The first point is that as the quantity χ i appears in all the solutions, so, for every acceptable solution, the BD coupling parameter must be restricted to ω < −7/8. The second point is that as √ X i also appear in relations of a i0 , thus, to get acceptable solutions, the right hand side of (4.36) must take positive real values. As X i depends on the curvature index, thus, we have to discuss about its behavior by considering also the sign of λ.
First solution (i = 1): In this case, for the closed universe, we find that X 1 takes positive values when ω > −11/8, while for the open universe it takes positive values when ω < −11/8 (see Fig. 4 , the left panel). Therefore, by considering the allowed range from χ 1 , we find that the acceptable range for the closed universe will be −11/8 < ω < −7/8 while for the open universe will be ω < −11/8. Second solution (i = 2): For this case, X 2 takes positive values when ω < −7/8. Moreover, χ 2 also takes real values for this range, thus, this range can be acceptable for the closed universe. However, for the open universe, X 2 takes negative values (see the right panel of Fig. 4) , thus, there is no acceptable solution for this case.
Within the above discussion, we identified allowable ranges for ω. Now, we can apply these to find solutions associated to the open and closed universes, separately.
• Open Universe:
First solution: Up to now, in order to have allowable values for χ 1 and X 1 , we found that the BD coupling parameter must be restricted to ω < −11/8. However, in this range a for this range never takes only real values and it has also imaginary part. In Fig. 5 (the right panel) , we have plotted the imaginary part of it. Thus, for this case, there is no physically acceptable solutions.
Second solution: As mentioned before, X 2 < 0, there is not any acceptable solution for this case.
Therefore, the reduced cosmology arisen from the MBDT field equations, for the FLRW open universe which is filled with dust fluid just gives a few mathematical solutions which cannot be physically acceptable solutions.
• Closed Universe:
First solution: As discussed above, for this case, the allowed range is −11/8 < ω < −7/8. Now, we should examine this range to see whether it can generates positive real values for ρ However, for the lower case, although in the range −11/8 < ω < −7/8, we get a − 10 > 0; but in this range, ρ − 10 does not take real values, thus, we cannot accept this case as a physical solution. Let us investigate the behavior of the quantities for the upper case in terms of cosmic time. From relations (3.16), the lower relation of (4.6) and (4.7), we see that a(t) increases versus time, linearly; the behavior of β 1 − 4, β 1 − 2 and −β 1 versus the allowable ω determines the behavior of the quantities associated to this case. For −1 < ω < −7/8, we find that β 1 − 2 and β 1 − 4 take positive real values, whilst −β 1 always takes negative values. Namely, φ Fig. 6 . Namely, the lower case does not give acceptable solution. Now, we should determine the behavior of the induced energy density for the upper case. By means of numerical methods, it is straightforward to show that ρ + 20 takes positive real values in the allowable range, see the right panel of Fig. 6 . As we have shown that the second solution (upper case) is an acceptable solution, determining the behavior of the quantities versus time will be a worthwhile task. Similar to the previous case, a + 2 (t) increases linearly with time; and the behavior of β 2 −2, β 2 −4 and −β 2 versus ω determines the behavior of the other quantities versus time. We can easily show that for ω < −1, β 2 − 4 takes negative values, while for −1 < ω < −7/8, it takes positive values. Namely, for the former range the induced energy density decreases by time, whereas for the latter range it increases with time. However, β 2 − 4 for all the values which are taken from ω < −7/8 (ω = −1) produces positive real values which leads to an increasing BD scalar field by the cosmic time. Thus, the gravitational coupling decreases with time which is again in agreement with the Dirac's hypothesis. Finally, as β 2 always takes positive values, thus the fifth dimension contracts by the cosmic time.
C. Radiation Cosmologies
Radiation dominated universe in the context of the standard BD theory has been investigated in [17, 18, [49] [50] [51] .
In what follows, we will find the specific solutions associated to radiation-dominated universe in MBDT and discuss the properties of corresponding quantities and their differences with those obtained from standard BD theory.
Flat Space
By setting W BD = 1/3 in the upper relation of (4.13) and solving this equation together with the one obtained for the flat space in 5D, i.e., equation (3.11), we get
By substituting the above values of n and β into relations (3.6), (3.7), (3.9), as well as the upper relation of (4.6) and (4.10), we get the following solutions 40) where the constants a 0 , φ 0 , V 0 , and ρ 0 are given by
where the constants A, C and α can be determined by knowing the age of the universe and its energy density at the present time. The scale factor of the fifth dimension is given by 0 -2.8 -2.6 -2.4 -2.2 -2.0 -1.8 -1.6  -0 The behavior of a (black curves), φ (the blue curves), ψ (the red curves) and ρ BD (the green curves) versus ω (in an arbitrary fixed time) for the spatially flat FLRW universe which is filled with radiation. The dashed and solid curves are associated to A < 0 and A > 0, respectively. We have chosen the constants as A = ±1 and C = α = 1 in agreement with the assumptions of cases I and II.
Let us first find the allowable ranges of ω for this case. As a 0 , φ 0 , ψ 0 and ρ 0 should take positive real values, from relations (4.41) and (4.44), we find that the allowed ranges of the BD coupling parameter, which depends on the sign of A. Therefore, in what follows, we would investigate two separated solutions.
Case I; A < 0: In this case, when the BD coupling parameter is restricted to ω < −5/4, the quantities a 0 , φ 0 and ψ 0 take positive real values whereas ρ 0 takes positive real values when ω < −3/2. Therefore, the allowed range for this case is ω < −3/2; see the upper panels of Fig. 7 . For this allowed range, it is straightforward to show that 0 < 2(1 + ω)/(5 + 4ω) < 1. More precisely, the scale factor of the universe decelerates with cosmic time. Furthermore, the induced energy density, BD scalar field and the fifth dimension decrease with time.
Case II; A > 0: In this case, to get positive real values for the corresponding quantities (in an arbitrary fixed time), ω must be restricted to ω > −5/4 (see the lower panels of Fig. 7 ), which gives reasonable results for the radiationdominated universe as follows. It is easy to show that (i) for −5/4 < ω < −1, we get 2(1 + ω)/(5 + 4ω) < 0, while for ω > −1, we get 0 < 2(1 + ω)/(5 + 4ω) < 1. The former range (of the power of the cosmic time associated to the scale factor) leads us to a spatially flat universe whose scale factor contracts with the cosmic time; whereas the latter leads to a decelerating universe.
(ii) the energy density increases with the cosmic time for −5/4 < ω < −1 whereas it decreases with time when ω > −1. (iii) the BD scalar field increases with the cosmic time; in this case the gravitational coupling decreases with time which is in agreement with Dirac's hypothesis. (iv) ψ(t) also decreases with cosmic time for all allowed values of ω. The above properties imply that the MBDT scenario, by assuming the mentioned constraint on the BD coupling parameter, can be a relevant model for getting a radiation-dominated universe when ω > −1, in which the induced matter can play properly the role of ordinary matter in the universe.
non-flat space
For this case, by setting W BD = 1/3 in the lower relation of (4.13), it is easy to show that where ω = −3/2, −11/8. By employing relations (4.46) and (4.47) for the general solutions associated to the non-flat space, namely (3.16), we get
(4.50)
, (4.51) (4.52)
In what follows, we discuss the behavior of the quantities for closed and open Universes, separately.
• Open Universe: For this case, by substituting λ = −1 into (4.49), we find that, in order to get real values for the square root, the BD coupling parameter must be restricted to −3/2 < ω < −11/8. On the other hand, a 0 must take positive values, thus for the upper case (plus sign) we get ω > −5/4, which does not have overlap with the previous allowable range of ω. Therefore, there is no consistent physical solution for the upper case. However, for the lower case (minus sign), ω must be restricted to ω < −5/4, which has a overlap with the previous allowed range. Namely, in this case, the range −3/2 < ω < −11/8 not only gives a real values for A/Cα but also produces positive values for a 0 . Nonetheless, this is not enough to have a acceptable physical solution. More concretely, other quantities such as ρ , we find that it takes imaginary values in the mentioned range. Finally, we can conclude that the set of solutions (4.48) for an open universe are only valid as mathematical solutions, namely, for the FLRW universe with λ = −1 (when φ and ψ are related to the scale factor with a power-law equation), the MBDT scenario does not yield any physical solution.
• Closed Universe: By substituting λ = 1 into relations (4.48)-(4.53) we get two classes of solutions for this case. Let us describe the corresponding quantities for this case by finding the allowable range for the BD coupling parameter. From (4.49), we see that to have real values for the square root, ω must be restricted to either ω < −3/2 or ω > −11/8. By considering these allowable ranges of ω, in what follows, we investigate the solutions associated to the upper case (plus sign) and lower case (minus sign), separately. 
V. SUMMARY AND DISCUSSIONS
The MBDT [1] has four sets of field equations: one set corresponds to the generalized version of the conservation law introduced in IMT [23, 24] . Another set is a nonlinear differential equation associated to the scale factor of the extra dimension which has no analog in the standard BD theory. Finally, the other two sets can be related to the conventional BD action, but with specific scalar potential, in four dimensions in which the matter and the scalar potential have an intrinsic geometrical origin. This induced matter is composed of three parts, see Eq. (2.8). The first part is a function of the first and second derivatives of the metric components with respect to the extra dimension. The second and third parts are functions of the BD scalar field, metric components and their derivatives with respect to the extra dimension.
Achieving unification of matter and geometry has been claimed as the main motivation for introducing a large extra dimension in IMT [52] . As the MBDT can be considered as an extended version of the IMT, thus the motivation that has been followed to also consider a large extra dimension to construct the MBDT scenario. However, in MBDT, in addition to the geometrically induced matter, there is also an induced scalar potential which has also been of interest to discuss in MBDT. This scalar potential has been employed to yield either an accelerating universe [1, 27, 28] (by assuming a spatially flat FLRW universe) or obtaining more general solutions for a Bianchi type I model [29] . The main objective of our herein work was to employ the MBDT scenario to obtain new extended solutions associated to both the spatially flat FLRW universe (by assuming more generalized power-law solutions than ones assumed in the previous works) and the non-flat space with respect the corresponding solutions in the context of the conventional BD theory.
In this paper, we started from the geometry of the five-dimensional bulk and then constructed the physics on the projected four-dimensional hypersurface. More precisely, by considering a five dimensional FLRW universe (without ordinary matter) with all values of the curvature index, we have derived the equations of the standard BD theory whose scalar field only depends on the cosmic time. Then, by assuming the Dirac's hypothesis, which claims that the gravitational constant should be connected to the scale factor of the universe in a power-law relation, we have solved the equations of motion. Our results show that there is a general solution for the non-flat space [see Eqs. (3.16)] and two kinds of solutions for the flat space, the general power-law solution and exponential solution. We have also discussed regarding some particular cases of theses solutions when either ω or β takes special values.
Subsequently, we have employed the MBDT set up (reviewed in section II) to construct the physics on a fourdimensional space-time. First, we found the relations associated to the induced matter and induced scalar potential in general cases. Our results have shown that the induced scalar potential is in either logarithmic or power-law forms. As the former leads to an inconsistency to apply the energy conditions, we abstained from proceeding to study it. However, the latter yielded the equations of state for the barotropic matter for all values of the curvature index. Such an induced matter, in which all the terms emerge from the geometry of the fifth dimension, has interesting properties. Namely, it obeys the conservation law similar to the ordinary matter in the standard BD theory. Thus, it respects the Principle of Equivalence. Besides, it is worthwhile to emphasize that the induced scalar potential, which contributes to construct the induced matter and consequently the behavior of the BD scalar field, has been induced from the geometry (as a fundamental concept) rather than adding it by hand to the action. As there is a nonzero scalar potential, thus, the relations associated to the scale factor, the BD scalar field and the components of the induced matter, which depend effectively on β and/or ω, are more generalized than those of the conventional BD theory.
We proceeded to study the properties of the induced matter on the hypersurface as consequence of the effects of the geometry of the fifth dimension and contrast it with the ones reported from ordinary matter in the BD theory. For that, we have concentrated on known types of the matter, which, in what follows, we summarize and compare them with those obtained from the conventional BD theory, IMT and GR.
1. Vacuum solutions: For both the flat and non-flat spaces, the only manner to get vacuum solutions on a four dimensional hypersurface is setting β = 0, i.e. assuming ψ = constant. In this case, we found that the induced scalar potential and the components of the induced matter vanish. We have shown that the solutions associated to the herein model are similar to those obtained in the standard BD theory. Namely, we obtained the same exact solutions obtained by O'Hanlon-Tupper [10] and Dehnen-Obregón [13] in the context of the standard BD theory in vacuum. By means of numerical analysis, we further investigated the time behavior of the scale factor, BD scalar field and the gravitational constant for each solution. We should note that the calculations associated to the vacuum case can be an appropriate procedure to test the correctness of the results produced by the MBDT scenario. For all the solutions associated to the vacuum case, we see that the power-law assumption between the scale factor of the fifth dimension and the BD scalar field as well as the scale factor of the universe, is in contradiction with the Dirac's hypothesis. The other general consequences of these solutions have shown that, similarly to the conventional BD theory, the Birkhoff theorem and the Mach's principe, which implies that the matter in the universe determines the value of the gravitational coupling, are not valid in the context of the MBDT.
Dust solutions:
For a flat space, we found two classes of mathematical solutions [the upper and lower cases, see Eqs. (4.26)-(4.29)] which depend on the sign of integration constant A. We have discussed the effects of the sign of A on the solutions associated to the upper and lower cases. By assuming A < 0, we found that only one of the solutions (the upper case) is physically acceptable when ω < −4/3. For this case, we have shown that the scale factor of the universe accelerates, while the BD scalar field and induced energy density decrease with cosmic time. Let us compare the result with the observational data: from relations (4.30), it is straightforward to show that, when −2 < ω < −3/2 then r + can be restricted as 1.56 r For A > 0, we found that both of the solutions can be physically acceptable. We have also discussed the properties of the quantities for this case. We found that, for both of the upper and lower solutions, the gravitational constant decreases with cosmic time, which is in agreement with Dirac's hypothesis. It is worthy that for all of the mentioned dust solutions associated to the flat space, the fifth dimension decreases with cosmic time which can be an interesting result in the context of higher dimensional models.
Let us summarize and further discuss solutions (4.25)-(4.34) for large values of ω. For these cases (upper case with A < 0 and lower case with A > 0), without loss of generality, we can set A = Cnα. As C and α always take positive values and n takes negative and positive values for the former and latter cases, respectively, thus, A takes negative and positive values for the former and latter, respectively. From this, it is easy to show that when ω → −∞, we get a(t) = (3t/2) 3/2 , φ = C, ψ = (2α/3)t −1 and ρ = (C/3π)t −2 . Namely, the results are in agreement with those obtained from IMT and thus with GR.
For non-flat space, λ 2 = 1, we got four different classes of mathematical solutions, see the set of relations (4.35)-(4.38). By further probing of the properties of the solutions associated to the open universe, we discovered that there is no physically acceptable solution for it. This result is in accordance with the one obtained for the standard BD theory [11] .
However, for the closed universe, among four classes of mathematical solutions, we have shown that only two of them can be physically acceptable. In one class of those solutions (the first solution, upper case), the BD coupling parameter must be restricted to −1 < ω < −7/8, whereas for the other case, we found that the allowed range is ω < −7/8 (the second solution, upper case). In comparison with the corresponding solution in the standard BD theory (with vanishing scalar potential) [11] , we find that there is no analog for the former case. However, in the latter case, the allowed range for ω in our model is replaced with ω < −2 [11] , in which probing the solutions associated to the large values of ω needs careful calculations [44, 45] . We can further probe the results of our second solution (upper case) when ω → −∞. In this case, we get φ = C = constant, a(t) = 3/2t, ρ(t) = C/(πt 2 ) and ψ(t) = 2α/(3t 2 ) which may coincide with the results obtained for the corresponding solutions in IMT [24] . For both the physically acceptable solutions, we have found that for the corresponding allowable ranges of ω, the fifth dimension and the gravitational coupling decrease with the cosmic time and thus these solutions can be of interest.
Radiation solutions:
For the spatially flat FLRW universe, depending on the sign of A, we got two different classes of acceptable solutions. The first class of the solutions corresponds to A < 0, in which the allowed range is ω < −3/2. For this case, the scale factor of the universe decelerates with cosmic time, and the BD scalar field, the induced energy density and the fifth dimension decrease with time. The second class, which corresponds to A > 0, implies a different range of the BD coupling parameter, i.e., ω > −5/4. In this case, we found that although the mentioned range gives physically acceptable solutions, but in the range ω > −1 we got a decelerating universe; the induced energy density and the fifth dimension decrease with cosmic time; and the BD coupling parameter increases with cosmic time which is in agreement with the Dirac's hypothesis. When |ω| takes large values, without loss of generality, by assuming A = ±Cnα (where C > 0 and α > 0) in relations (4.39)-(4.45), when ω → ±∞, it is straightforward to show that for both of the solutions we get φ = C = constant, ψ(t) = ( √ 2α/2)t −1/2 , a(t) = (2t) 1/2 and ρ = (3C/32π)t −2 , which are in agreement with the solutions associated to the FLRW universe (which is filled with radiation) in IMT and thus in GR.
For the non-flat space, we obtained two classes of mathematical solutions for each the open and closed universes. For an open universe, both of classes give neither positive nor real values for the induced energy density, thus, they cannot be physically acceptable solutions. For a closed universe, only one of the solutions (the upper case) is acceptable when ω > −1. For this class of the solutions, we have presented the properties of the corresponding quantities. For instance, we have shown that the gravitational constant, the induced energy density and ψ(t) decrease with the cosmic time, whereas the BD scalar field increase with time which is in agreement with the Dirac's hypothesis. All of the properties for this class of solutions show that it is a physically allowed cosmological model for a radiation dominated universe. When ω → ∞, from relations (4.46)-(4.53), we obtain φ = C = constant, a(t) = t, ψ(t) = αt −2 and ρ(t) = (3C/4π)t −2 , which are in agreement with the corresponding ones obtained in IMT.
Finally, it is worthwhile to mention a few points regarding the MBDT setting [1] and the obtained solutions of our herein work:
• Perhaps it would be a good idea to presume the MBDT as a powerful and a fundamental setting to obtain the exact solutions which correspond to those of the standard BD theory as well as a few particular types of the scalar tensor theories. It is clear that such a task can be done only by considering the two sets of the MBDT field equations which correspond to those derived from the standard BD action including a scalar potential. As mentioned, there are two other sets which have not any analog in the standard BD theory. How can we interpret these field equations? Under which conditions, these interpretations contact with those obtained in IMT?
• We should emphasize that the solutions of this manuscript are more extended than their corresponding ones obtained in the standard BD theory as well as those obtained in [1] . Moreover, a few classes of our solutions have no analog in comparison with those obtained by means of corresponding conventional setting. We should note that herein solutions still can be generalized by assuming an ordinary matter in the bulk and/or supposing that the BD scalar field and the components of the metric to be functions of the extra coordinate l.
• In order to obtain the herein solutions, we have not introduced conformal time and other variables different from the scale factor and the BD scalar field, see, e.g., [2, [46] [47] [48] .
• As our MBDT setting [1] has been formulated in arbitrary dimensions, thus, it can be employed not only for obtaining the reduced solutions (for a specified model) in (3 + 1)-dimensions but also it can be examined for deriving the solutions in (2 + 1)-dimensions. This manner of studying lower dimensional gravity theories (see, e.g., [54] and references therein) can be of interest in probing a relationship between such theories and the standard four dimensional standard BD theory, as well as introducing a procedure of producing exact solutions in (2 + 1) dimensions that are, as might be expected, related to the vacuum (3 + 1)-dimensional solutions. Subsequently, we can also investigate what happen for the behaviors of the physical quantities in the particular cases, especially, when the BD coupling parameter goes to infinity.
